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ΛN spin-spin and spin-orbit splittings in low-lying excitation spectra are investigated for p-shell Λ
hypernuclei on the basis of the microscopic structure calculation within the antisymmetrized molecu-
lar dynamics, where the ΛN G-matrix interaction derived from the baryon-baryon interaction model
ESC (extended soft core) is used. It is found that the ground-state spin-parity is systematically
reproduced in the p-shell Λ hypernuclei by tuning the ΛN spin-spin and spin-orbit interactions so
as to reproduce the experimental data of 4ΛH,
7
ΛLi and
9
ΛBe. Furthermore, we also focus on the
excitation energies of the excited doublets as well as the energy shifts of them by the addition of a
Λ particle.
PACS numbers: Valid PACS appear here
I. INTRODUCTION
Hypernuclear physics makes substantial progress by
both theoretical and experimental works in the last
decades. In particular, experimental information of Λ hy-
pernuclei has been increased by the counter experiments
such as (π+,K+) reactions [1]. Combined with the γ-ray
spectroscopy techniques, the low-lying level structure of
Λ hypernuclei have been revealed precisely. Recently, the
(e, e′K+) reaction experiments have been developed at
Thomas Jefferson Laboratory (JLab), where the absolute
values of binding energies are expected to be measured
in a wide mass region including medium-heavy hyper-
nuclei with high resolution. These data of hypernuclei
are essential to understand hyperon-nucleon (Y N) inter-
actions, because Y N scattering experiments are rather
difficult due to short life-time of hyperons. For example,
from the analysis of the binding energies of Λ hypernu-
clei, BΛ, one can evaluate the depth of the single-particle
potential of a Λ particle, UΛ, in nuclear matter. In associ-
ated with the developments on baryon-baryon interaction
models [2–8], an important role of the ΛN−ΣN coupling
to give a reasonable UΛ value in nuclear matter has been
revealed.
Based on the precise data of Λ hypernuclei, structure
of hypernuclei is also investigated and becomes one of
the important issues. Especially, structure of light Λ hy-
pernuclei is of interest because ordinary nuclei in p-shell
and sd-shell mass regions have various structures such
as cluster and deformed mean-field like structures near
the ground states. For example, in 7ΛLi [9–12], it was
predicted that the addition of a Λ particle reduces the
intercluster distance between α and d of the core nucleus
6Li, which was confirmed through the observations of the
B(E2) values by the γ-ray spectroscopy experiment. In
the other Λ hypernuclei such as 13Λ C, several theoretical
calculations showed that a Λ particle reduces the nuclear
quadrupole deformation of the ground states [13–20].
In addition, the coexistence of pronounced cluster and
mean-field like structures in core nuclei can cause changes
of level ordering in excitation spectra, which were pre-
dicted in p- and sd-shell Λ hypernuclei such as 13Λ C [21]
and 21Λ Ne [22]. Furthermore, it was pointed out that size
differences between the ground and excited states in p-
shell nuclei lead to energy shifts of excited states in the
corresponding hypernuclei [23].
The structure of core nuclei also affects the systemat-
ics of BΛ values through the density dependence of the
Λ-nucleon (ΛN) interaction, which was investigated by
the authors (M. I. and Y.Y) with structure calculations
within the framework of the antisymmetrized molecular
dynamics for hypernuclei (HyperAMD) adopting the G-
matrix interactions (called YNG) as a ΛN effective in-
teraction [24, 25]. The YNG interactions are obtained
by the G-matrix calculation in nuclear matter from the
Nijmegen Extended Soft-Core (ESC) potentials, which
depend on the nuclear Fermi momentum kF . In Refs.
[24, 25], the authors succeeded in reproducing the exist-
ing BΛ data as a function of mass number A, namely
the mass dependence of BΛ, where the averaged den-
sity approximation (ADA) is applied to treat the kF de-
pendence. This is achieved by the developments of the
interaction models and microscopic calculation of hyper-
nuclear structure. In Ref. [25], it was also found that
fine tuning of the ΛN YNG interactions is still necessary
to describe the level ordering of the ground-state spin
doublet partners properly, which is one of the purposes
of the present paper.
The level ordering of the spin doublets is mainly de-
termined by properties of spin-dependent parts of ΛN
interactions, namely the ΛN spin-spin and spin-orbit in-
teractions, because the spin doublet states in Λ hypernu-
clei are generated by the coupling between the non-zero
spin of the core states and the Λ particle with spin 1/2.
For the spin-spin part, the historically important data
were the spin doublet (0+, 1+) states of 4ΛHe (
4
ΛH). These
2hypernuclear data were first used for the parameter fit-
ting of the hyperon-nucleon one-boson exchange model
NSC97 [3]. Among 6 versions (a,b,c,d,e,f) with different
spin-spin interactions, NSC97f was found to reproduce
reasonably the above data of spin doublet splitting. Fur-
thermore, the spin doublet states of 12Λ C and
11
Λ B were
shown to be described well by the shell-model analy-
sis with the G-matrix interaction derived from NSC97f
[26]. On the other hand, spin-orbit splittings also were
long-standing problems in hypernuclear physics. Qual-
itatively, small values of splitting energies are obtained
by large cancellations between symmetric LS (SLS) and
anti-symmetric LS (ALS) contributions. In the case of
using the G-matrix interaction from NSC97f, however,
the cancellation was shown to be not enough to repro-
duce quantitatively the small value of the experimental
data [27, 28].
The ESC model [5] was proposed in order to improve
important deficiencies of NSC97, where two-meson and
meson-pair exchanges were taken into account explicitly
instead of “effective bosons” in one-boson-exchange mod-
els such as NSC97. In the ESC models, then, the spin-
spin parts in even states were designed to give similarly
those of NSC97f, and the SLS and ALS parts were done
to cancell more substantially than those of NSC97f. The
shell-model analysis for spin doublet splittings in 12Λ C and
11
Λ B were performed by using the G-matrix interactions
derived from the ESC models [26]. The obtained val-
ues of splitting energies were rather larger than those for
NSC97f, namely than the experimental values, because
the odd-state interactions in the former were rather dif-
ferent from those in the latter. These results are consis-
tent with the incorrect ordering of the doublet partners
in Refs. [25].
The aim of this paper is to study spin-spin and spin-
orbit splittings in excitation spectra of Λ hypernuclei sys-
tematically. For the present purpose we will especially
investigate necessary corrections in both even- and odd-
state spin-dependent parts of the YNG interactions so as
to reproduce the excitation spectra of p-shell Λ hyper-
nuclei. Thus, we will finally propose a revised version of
the YNG interactions which can be applicable to whole
mass regions of hypernuclei.
This paper is organized as follows. In the next Section,
the theoretical framework of HyperAMD is explained. In
Sec. III, we discuss the spin-doublet splittings obtained
in a schematic model in order to suggest leading proper-
ties in spherical hypernuclei. In Sec. IV, we discuss the
effects of the ΛN spin-spin and spin-orbit interactions by
showing the excitation spectra of the hypernuclei as well
as those of the core nuclei. Section V summarizes this
work.
II. THEORETICAL FRAMEWORK
In this paper, we apply an extended version of the anti-
symmetrized molecular dynamics for hypernuclei named
HyperAMD to several p-shell Λ hypernuclei basically fol-
lowing Refs. [24, 25]. This model enables us to describe
various nuclear structures and to investigate the dynam-
ical changes caused by the addition of a Λ particle in the
hypernuclei around the p-sd shell regions.
A. Hamiltonian
The Hamiltonian used in this study is given as
H = TN + TΛ − Tg + VNN + VC + VΛN , (1)
where TN , TΛ, and Tg are the kinetic energies of the
nucleons, Λ particle, and center-of-mass motion, respec-
tively. VNN is the effective nuclear force. The Coulomb
interaction VC is approximated by the sum of seven Gaus-
sians.
We use the Gogny D1S force [29, 30] as the effective nu-
clear force VNN . One of the characteristics of Gogny D1S
is the density-dependent interaction acting as a repulsive
force at high density, which is essential to describe nu-
clear saturation property. As discussed in Refs. [24, 25],
for reproducing the BΛ values systematically, it is indis-
pensable to describe structure of core nuclei, especially
core deformation, properly. The Gogny D1S force is one
of the effective interactions that gives better description
of nuclear deformation and reasonable values of the nu-
clear binding energies for the ground states of normal
nuclei in a wide mass region. In this study, since we fo-
cus on the effects by the spin-dependent part of the ΛN
interaction, it is necessary to describe excitation spectra
of the core nuclei properly as well as possible. Though
the Gogny D1S describes structure of the ground states,
it may give small deviation of energies for excited states
from the observed data. In such cases, for the quantita-
tive discussion, we slightly change the parameter sets of
the Gogny D1S or use the Volkov No. 2 force [31] instead,
which is discussed in Sec. IVA in detail.
B. ΛN interaction
As for the ΛN effective interaction VΛN , we use the
the G-matrix interaction derived from the Nijmegen ESC
potential, ESC14, where the ΛN -ΣN coupling is renor-
malized by the G-matrix calculation. As shown in Ref.
[25], using the ESC14 force with the many-body effects
(ESC14+MBE), the HyperAMD calculation nicely repro-
duces the existing data of BΛ systematically. However,
level ordering of spin doublet partners is incorrect in sev-
eral p-shell Λ hypernuclei. In this paper, we investigate
spin-spin and spin-orbit splittings of the p-shell Λ hyper-
nuclei using ESC14+MBE, where the kF dependence of
the G-matrix interaction is treated by the ADA proce-
dure in the same way as in Refs. [24, 25]. Furthermore,
we also apply the NSC97f for the comparison. In the
case of NSC97f, its strong odd-state repulsions play an
3important role to reproduce the mass dependence of BΛ
instead of the above MBE.
The ΛN G-matrix interaction VΛN is composed of
the central (V centΛN ) and spin-orbit (V
LS
ΛN ) forces, namely
VΛN = V
cent
ΛN +V
LS
ΛN . The ΛN central force V
cent
ΛN is writ-
ten as,
V centΛN = v
(1E)Pˆ (1E) + v(
3E)Pˆ (3E)
+v(
1O)Pˆ (1O) + v(
3O)Pˆ (3O), (2)
where
v(c)(kF , r) =
3∑
i=1
(a
(c)
i + b
(c)
i kF + c
(c)
i k
2
F )e
−r2/β2
i , (3)
c = 1E, 3E, 1O or 3O. (4)
The parameters a
(c)
i , c
(c)
i and c
(c)
i of ESC14+MBE are
shown in Tab. I for all channels, which are the same as
used in Ref. [25]. Using the Pauli’s spin matrix ~σ, one
can rewrite V centΛN as
V centΛN =
3∑
i=1
{(vE(i)0 + vE(i)σ ~σ · ~σ)Pˆ (E)
+(v
O(i)
0 + v
O(i)
σ ~σ · ~σ)Pˆ (O)}e−r
2/β2
i , (5)
where Pˆ (E) and Pˆ (O) are the projectors for the even and
odd parity states, respectively. Thus, the spin-spin even
and odd parity interactions act through the ΛN central
force.
The ΛN spin-orbit force V LSΛN consists of the symmetric
and asymmetric LS (SLS and ALS) components. Each of
SLS and ALS of ESC14+MBE is also given by the same
functional form as Eq.(3) with c = SLS or ALS, where
the parameters a
(c)
i , b
(c)
i , c
(c)
i and βi are listed in Tab. II.
In our G-matrix interaction, the ΛN -ΣN coupling in-
teractions of ESC14 are renormalized into the effective
central interactions. It is possible, then, to obtain resid-
ual ΛN -ΛN and ΛN -ΣN interactions composed of cen-
tral and tensor parts, though they are not used in this
work. In Ref.[26] such residual interactions were obtained
for some versions of the ESC model, to which those for
ESC14 are more or less similar.
C. Wave Function
The variational wave function of a single Λ hypernu-
cleus is described by the parity-projected wave function,
Ψ± = P±A{ϕ1, · · · , ϕA} ⊗ ϕΛ, where
ϕi ∝ e−
∑
σ
νσ(rσ−~Ziσ)2 ⊗ (uiχ↑ + viχ↓)⊗ (p or n), (6)
ϕΛ ∝
M∑
m=1
cme
−Σσνσ(rσ−~zmσ)2 ⊗ (amχ↑ + bmχ↓). (7)
The single-particle wave packet of a nucleon ϕi is de-
scribed by a single Gaussian, whereas that of Λ, ϕΛ, is
TABLE I: Parameters of the ΛN central force of
ESC14+MBE represented by the three range Gaussian forms
given in Eq. (3). a
(c)
i
[MeV], b
(c)
i
[MeV · fm], c
(c)
i
[MeV · fm2]
and β [fm] are given for each i. Parameters after the tuning
done in Sec. IVB are also shown in parenthesis.
i 1 2 3
c βi 0.50 0.90 2.00
1E a
(1E)
i
-3434.0 416.71(413.11) -1.708
b
(1E)
i
6937.0 -1108.74 0.0
c
(1E)
i
-2635.0 444.74 0.0
3E a
(3E)
i
-1933.0 214.56(215.76) -1.295
b
(3E)
i
4698.0 -782.11 0.0
c
(3E)
i
-1974.0 357.4 0.0
1O a
(1O)
i
206.1 94.2(4.2) -0.8292
b
(1O)
i
-30.52 -39.47 0.0
c
(1O)
i
16.23 66.481 0.0
3O a
(3O)
i
2327.0 -229.15(-199.15) -0.9959
b
(3O)
i
-2361.0 130.68 0.0
c
(3O)
i
854.3 23.02 0.0
represented by a superposition of Gaussian wave pack-
ets. The variational parameters ~Zi, ~zm, νσ, ui, vi, am,
bm, and cm are determined to minimize the total energy
under the constraint on the nuclear quadrupole deforma-
tion (β, γ), and the optimized wave function Ψ±(β, γ) is
obtained for each given (β, γ).
After the energy variation, we project out the eigen-
state of the total angular momentum J for each set of
(β, γ),
ΨJ±MK(β, γ) =
2J + 1
(8π)2
∫
dΩDJ∗MK(Ω)R(Ω)Ψ
±(β, γ). (8)
The numerical integration is performed for the three Eu-
ler angles Ω. To obtain both the ground and excited
states of hypernuclei, we also perform the generator coor-
dinate method (GCM) calculation, namely superposition
of the different K and (β, γ) values as
ΨJ±n =
∑
p
J∑
K=−J
cnpKΨ
J±
MK(βp, γp), (9)
where n represents quantum numbers other than total
angular momentum and parity. The coefficients cnpK are
determined by solving the Griffin-Hill-Wheeler equation.
III. DOUBLET ENERGY SPLITTING IN A
SCHEMATIC MODEL
Before going to discuss results of the detailed Hyper-
AMD calculations, we point out some schematic relations
4TABLE II: Same as Tab. I but for SLS and ALS represented
by the three range Gaussian forms given in Eq. (3).
i 1 2 3
c βi 0.40 0.80 1.20
SLS a
(SLS)
i
-12920.0 372.4 -2.030
b
(SLS)
i
24580.0 -840.0 0.0
c
(SLS)
i
-10180.0 337.1 0.0
ALS a
(ALS)
i
1985.0 12.73 2.109
b
(ALS)
i
-1828.0 41.30 0.0
c
(ALS)
i
679.8 -17.58 0.0
among the ground-state spin-doublet splittings in hyper-
nuclei that are obtained on the shell model basis, rather
independently of the other sections. Then, secondly, we
will show the share of odd-state interaction components
in these doublets also in a schematic way without enter-
ing into detailed forms of the ΛN interactions.
Noting that the typical hypernuclei such as 10ΛBe,
10
ΛB,
11
ΛB,
12
ΛB, and
12
ΛC are dominantly of spherical nature,
we take a schematic prescription specifically in this sec-
tion. Here we take the L-S coupling shell model scheme
and assume that each ground state of the corresponding
nuclear core (Jc, Tc) is described by an SU(3) configura-
tion [32, 33] with maximum orbital symmetry, denoted by
[f ](λ, µ). Then hypernuclear spin-doublet wave functions
ΨA(J = Jc ± 12 ) for 10ΛBe(J = 1−, 2−), 11ΛB(5/2+, 7/2+),
and 12ΛB(1
−, 2−), are described respectively as
{9
Be; p5[41](31)L=1(S =
1
2 , Tc =
1
2 ), Jc = 3/2
−
g
}× sΛ1/2 ,{10
B; p6[42](22)L=2(S = 1, Tc = 0), Jc = 3
+
g
}× sΛ1/2 ,{11
B; p7[41](31)L=1(S =
1
2 , Tc =
1
2 ), Jc = 3/2
−
g
}× sΛ1/2 .
The analogous wave functions are given for 10ΛB(1
−, 2−)
and 12ΛC(1
−, 2−), respectively. Hereafter Tc is implicit,
as the Λ isospin is zero.
In order to estimate the hypernuclear doublet energy
splitting, the total ΛN interaction energy defined by
EA(J = Jc ± 12 ) ≡
〈
ΨA(J)
∣∣∑
i
VNΛ(i, 1)
∣∣ΨA(J)〉 (10)
is calculated analytically within the full p-shell L-S cou-
pling model space. The resultant total energy is ex-
pressed in terms of the ΛN two-body interaction matrix
elements in the jj-coupling instead of the L-S coupled
one 〈pNsΛ(L)S|v|pNsΛ(L′)S′〉J′ , because here we intend
to show the share of p3/2 and p1/2 contributions. For this
purpose, we use the following simplified notations.
V3(J
′) ≡ 〈pN3/2sΛ1/2|v|pN3/2sΛ1/2〉J′=1−,2− ,
V1(J
′) ≡ 〈pN1/2sΛ1/2|v|pN1/2sΛ1/2〉J′=0−,1− , (11)
V31(J
′) ≡ 〈pN3/2sΛ1/2|v|pN1/2sΛ1/2〉J′=1− .
For the interaction energies E10(J) of
10
ΛBe(1
−, 2−), the
detailed calculation leads to the following expressions:
E10(1
−) = 4845 V3(2
−) + 59 V3(1
−) + 59 V1(1
−)
+ 13 V1(0
−)− 9
√
2
5 V31(1
−), (12)
E10(2
−) = 501225 V3(2
−) + 1625 V3(1
−) + 3725 V1(1
−)
+ 147225 V1(0
−) + 27
√
2
25 V31(1
−). (13)
Then we get the doublet energy splitting ∆E10 as
∆E10(2
− − 1−g ) =
29
25
{V3(2−)− V3(1−)}
+
8
25
{V1(0−)− V1(1−)} + 72
√
2
25
V31(1
−). (14)
The energies of 12ΛB(1
−, 2−) are obtained as follows:
E12(1
−) = 14960 V3(2
−) + 5320 V3(1
−) + 85 V1(1
−)
+ 415 V1(0
−)− 9
√
2
5 V31(1
−), (15)
E12(2
−) = 1093300 V3(2
−) + 149100 V3(1
−) + 3225 V1(1
−)
+ 4475 V1(0
−) + 27
√
2
25 V31(1
−). (16)
As a result of the difference E12(2
−)−E12(1−), it is quite
interesting to obtain exactly the same energy splitting of
∆E12 for
12
Λ B as that for
10
ΛBe given by Eq.(14). Thus we
can write
∆E12(2
− − 1−g ) = ∆E10(2− − 1−g ). (17)
The doublet energies for 11ΛB(5/2
+, 7/2+) are obtained in
the similar way as
E11(5/2
+) = 2518 V3(2
−) + 83 V3(1
−) + 3118 V1(1
−)
+ 518 V1(0
−)− 16
√
2
9 V31(1
−), (18)
E10(7/2
+) = 103 V3(2
−) + 33 V3(1
−) + 43 V1(1
−)
+ 23 V1(0
−) + 12
√
2
9 V31(1
−). (19)
Therefore the doublet energy splitting ∆E11 is given by
∆E11(7/2
+ − 5/2+g ) =
35
18
{V3(2−)− V3(1−)}
+
7
18
{V1(0−)− V1(1−)}+ 28
√
2
9
V31(1
−). (20)
We have two experimental energy splittings so far [34, 35]
among the adjacent hypernuclei concerned here:
∆E(12ΛC ; 2
− − 1−g )exp = 0.162 MeV, (21)
∆E(11ΛB; 7/2
+ − 5/2+g )exp = 0.263 MeV. (22)
If we compare the leading terms of Eq.(20) and Eq.(17),
we get the ratio ∆E11/∆E12 ≃ (3518 )/(2925 ) ≃ 1.67, since
the remaining terms amount to much smaller contribu-
tions. This theoretical ratio is in very good agreement
with the experimental ratio ( 1.62 ). This fact manifests
certain applicability of the present prescription based on
5the SU(3) classification. Thus, on the basis of the rela-
tion obtained by Eq.(17), we firmly predict the unknown
energy splittings between the spin-doublet states as
∆E(10ΛBe) ≃ ∆E(10ΛB) ≃ ∆E(12ΛB) ≃ ∆E(12ΛC)exp.
(23)
In the recent 12C(e, e′K+)12ΛB experiment, a spectro-
scopic analysis of the lowest peak shape has been made,
suggesting ∆E(12ΛB) ≃ 0.18 MeV [36], which is well com-
pared with ∆E(12ΛC)
exp and is also consistent with a the-
oretical prediction of the energies and cross sections [37].
In the actual calculations with the HyperAMD frame-
work, as shown in the next section, the results depend
on the detailed realistic structures such as hypernuclear
deformation and density distribution. Nevertheless the
basic relations mentioned above give a useful insight into
these hypernuclear structures.
Second, it is also interesting to see the contribution
from relative odd-state interactions to the doublet split-
ting. By expanding the two-body interaction matrix el-
ements in terms of the relative and CM coordinates, the
splitting energy for the case of ∆E10 is reexpressed as
∆E10(2
− − 1−g )
=
7
5
〈0s˜|V (3E)(r)|0s˜〉+ 13
15
〈0s˜|V (1E)(r)|0s˜〉
− 2
5
〈0p˜|V (3O)(r)|0p˜〉+ 13
15
〈0p˜|V (1O)(r)|0p˜〉
+
72
√
2
75
〈0p˜(S0)|V (ALS)(r)|0p˜(S1)〉I=1 . (24)
Here 0s˜ and 0p˜ denote the relative radial states of ΛN
two-body system with the spin coupling (l + S = I).
Each central potential V (c)(r) is given by sum of the
correponding terms defined by Eqs.(2) - (4), although
in the above expression the SLS spin-orbit component
is formaly included in the 〈0p˜|V (3O)(r)|0p˜〉 part. Equa-
tion (24) shows clearly that, in addition to the relative
s˜-state interactions, the p˜-state central interactions and
the SLS/ALS interactions contribute in this way to the
p-shell hypernuclear doublet splitting. In this respect it
is interesting to compare the expression of Eq.(24) with
that for the doublet splitting in 4ΛH in the lowest config-
uration:
∆E4(1
+ − 0+g )
≡ E(4ΛH; 1+)− E(4ΛH; 0+g )
= 〈0s˜|V (3E)(r)|0s˜〉 − 〈0s˜|V (1E)(r)|0s˜〉, (25)
where only the even-state interactions work. Also we
note that the oscillator size (b) for s-shell hypernuclei
is implicit and it is different from the p-shell cases. It
should be noted that, in actual calculations, the even-
and odd-state combinations of ΛN spin-dependent inter-
actions are determined carefully within the freedom as
prescribed by Eq. (5), i.e. the contributions of the even-
and odd-state components can be different from those
given by Eq. (24) due to dynamical effects such as nu-
clear deformations and/or density dependence of the ΛN
interaction, which are fully taken into account in the Hy-
perAMD calculation using Eq. (5) as presented in the
following section.
IV. NUMERICAL RESULTS AND
DISCUSSIONS
In this section, we discuss low-lying level structure af-
fected by ΛN spin-spin and spin-orbit interactions. In
Ref. [25], the spin orderings of the ground-state dou-
blet are inconsistent with the observations in 10Λ B,
11
Λ B,
12
Λ B,
12
Λ C,
15
Λ N, and
16
Λ O, where the HyperAMD calcula-
tions were performed using the ΛN central force derived
from ESC14+MBE but without the ΛN spin-orbit force.
These behaviors would be caused by the properties of the
ΛN spin-spin force and/or absence of the ΛN spin-orbit
force. In this paper, we focus on the spin-spin and spin-
orbit splittings in 7ΛLi,
9
ΛLi,
9
ΛBe,
10
Λ Be,
10
Λ B,
11
Λ B,
12
Λ C,
13
Λ C,
15
Λ N, and
16
Λ O.
A. Excitation spectra of core nuclei
In this study, the excitation spectra of hypernuclei are
compared with those of the core nuclei and observed data
of the hypernuclei. Since the experimental information
of hypernuclei is concentrated in the energy regions near
the ground states, it is quite important to describe the
low-lying spectra of the core nuclei properly before the
discussion of the hypernuclei.
We perform the antisymmetrized molecular dynamics
(AMD) calculation for 6Li, 8Li, 8Be, 9Be, 9B, 10B, 11C,
12C, 14N, and 15O using the original parameter set of
Gogny D1S given in Refs. [29, 30]. These nuclei have
various structure. For example, in 8Be and 9Be, it is well
known that 2α clustering is dominated near the ground
states, whereas the ground state 3/2− of 15O is well un-
derstood by a neutron one-hole configuration in the shell-
model picture. In 12C, the ground state has a mixed
nature of the 3α cluster and shell-model like structures
[38–43].
First, we discuss the excitation spectra of the nuclei
other than 8Be, 9Be and 9B, namely 6Li, 8Li, 9B, 10B,
11C, 12C, 14N, and 15O, which are shown in Fig. 1. It
is found that the present AMD calculation successfully
reproduces the spin-parity of the ground states. The low-
lying states in these nuclei are obtained with correct or-
dering except for 8Li. It is noted that the 1+ state of 8Li
is also obtained at 5.27 MeV, which is higher than the 3+
state. In 12C, since the AMD model can describe both
the cluster and shell-model like structures, we obtain a
reasonable value of the excitation energy of the 2+ state,
which is sensitive to the mixed nature of the ground state
mentioned above.
6FIG. 1: Calculated and observed excitation spectra of the core nuclei 6Li, 8Li, 10B, 12C, 13C, 14N, and 15O. Numbers shown in
the spectra are excitation energies [MeV]. In panels (a), (b),(c),(d) and (f), the calculated results with the Gogny D1S modified
so as to reproduce Ex(6Li; 3+) (mod. D1S) are shown together with those with the original parameter set of the Gogny D1S
(D1S). The observed data are taken from Ref. [45] for 6Li, Ref. [46] for 11C, Ref. [47] for 12C, Ref. [48] for 14N and 15O, and
Ref. [49] for the others.
7FIG. 2: Same as Fig.1 but for 8Be, 9Be and 9B. The calculated results with Volkov No.2 (Volkov) are compared with those
with Gogny D1S (D1S). The observed data are taken Ref. [49].
Though the AMD calculation reproduces the gross fea-
tures of the nuclei such as the level ordering, we see de-
viations of the calculated excitation energies from the
experimental data. For example, in 6Li, the excitation
energy of 3+, Ex(
6Li; 3+), is lower than the experimental
data by about 700 keV, which is quite important because
the coupling of a Λ particle to this state generates an
experimentally well-known spin doublet (5/2+, 7/2+) in
7
ΛLi. In the other nuclei, we see the deviation of the exci-
tation energies from the observed data by about several
hundred keV or more. For the quantitative discussions
of the hypernuclei, these deviations should be improved
as possible.
Here, we try to modify the parameters of Gogny D1S so
as to reproduce the Ex(
6Li; 3+) value. The central force
of the Gogny D1S is given by the two-range Gaussian
form as
V centNN =
2∑
i=1
exp
[−(r/βi)2]
×{Wi +BiPˆσ −HiPˆτ −MiPˆσPˆτ}, (26)
where Pˆσ and Pˆτ are the spin and isospin exchange op-
erators, respectively. In general, varying the parame-
ters Bi and Hi controls the ratio of the
3E interaction
to the 1E interaction with keeping the sum of Wi and
Mi. Since these parameters can be changed depending
on each nuclear system, we modify Bi and Hi for the
both ranges (i = 1, 2) by multiplying a common factor
αNN so as to reproduce the Ex(
6Li; 3+) value, while the
Wi andMi are unchanged from the original values of the
Gogny D1S. As a result, we find that the αNN = 1.2 gives
Ex(
6Li; 3+) = 2.21 MeV, which is much close to the ob-
served value Eexpx (
6Li; 3+) = 2.19 MeV. It is also found
that this modification improves the excitation spectra of
10B, 11C, and 14N as shown in Fig. 1 except for the
3/2−2 state of
11C. On the other hand, in 15O, the excita-
tion energy of the 3/2− state is largely different from the
observed value. We consider that this difference mainly
comes from the description of neutron single-particle or-
bits, because the 3/2− state is generated by a neutron
from 0p3/2 to 0p1/2 in a naive shell-model picture.
In Fig. 2, we show the excitation spectra of 8Be, 9Be
and 9B, which are characterized by having the 2α, 2α+n
and 2α + p cluster structure, respectively. It is found
that the present calculation with Gogny D1S reproduces
the level ordering except for the 1/2− state in 9Be and
9B. However, the excitation energies are slightly lower
than the experimental data in 8Be, 9Be and 9B. Since
they have the well-developed 2α cluster structure, it is
considered that the difference of the excitation energies
shows the overestimation of the momentum of inertia of
the the 2α clustering. In general, a density-dependent
interaction tends to overestimate the nuclear clustering,
because it works as a repulsive force when the nuclear
density is increased in cluster states. Since the degree
8of the 2α clustering as well as the size of the α parti-
cle affect the momentum of inertia, the difference of the
excitation energies in Fig. 2 would be caused by the
density-dependent interaction of Gogny D1S. Instead of
the Gogny D1S, we use the Volkov No. 2 force [31] to-
gether with the spin-orbit force of the G3RS interaction
[44] for 8Be, 9Be and 9B (see Fig. 2). The Volkov No.
2 is one of the effective nuclear forces often used in the
structure studies on α cluster structure, which does not
have the density-dependent term as given by
V centNN =
2∑
i=1
vi exp
[−(r/βi)2]
×{(1.0−m) + bPσ − hPτ −mPσPτ}. (27)
Here, the parameters are fixed to be m = 0.60 and
b = h = 0.125. The strength of the spin-orbit force of the
G3RS is fixed to be 1600 MeV. In Fig. 2(a), in 8Be, we
see that the excitation energy of the 2+ state becomes
2.95 MeV with Volkov No. 2, which is close to the exper-
imental value (Eexpx (
8Be; 2+) = 3.03 MeV). The energy
spectra of 9Be and 9B are also improved as shown in Fig.
2(b)-(c).
We also give a comment on the 1/2− state in 9Be and
9B, which are missing in Fig. 2(b)-(c). This is caused
by the procedure of the variational calculation. In 1/2−
state of 9Be, the last neutron occupies the p1/2 orbit in
the 2α+ n cluster model picture. In the present calcula-
tion, the nucleon configuration is determined by the en-
ergy variation performed before the angular momentum
projection. As a result, the last neutron mainly occupies
the p3/2 orbit than the p1/2 orbit. In
9B, which is the
mirror nucleus of 9Be, the 1/2− state does not appear
because the last proton occupies the p3/2 orbit as the
results of the energy variation.
From the above results, we use the modified version
of the Gogny D1S as the effective nuclear interaction in
the HyperAMD calculation for 7ΛLi,
11
Λ B,
12
Λ C, and
15
Λ N,
whereas the original parameter set of it is employed for
9
ΛLi,
13
Λ C, and
16
Λ O. In
9
ΛBe,
10
Λ Be and
10
Λ B, the Volkov
No.2 force is used together with the spin-orbit force of
the G3RS instead of Gogny D1S.
B. Tuning of spin-dependent ΛN interaction
Let us move to the discussions on the hypernuclei. In
this section, we tune the ΛN spin-spin and spin-orbit in-
teractions in light Λ hypernuclei. First, we focus on the
spin doublet (0+, 1+) of 4ΛH generated by the coupling of
a Λ particle to the 1/2+ state of 3H, where the even-state
spin-spin force vEσ dominantly acts between each nucleon
and the Λ particle in s orbit. In Fig. 3(a), we show
the calculated result of 4ΛH with the original parameter
sets of Gogny D1S and ESC14+MBE as the effective nu-
clear and ΛN interactions, respectively. Here we use the
kF value which reproduces the B
exp
Λ value of
4
ΛH, namely
kF = 0.95 fm
−1 (kF = 0.93 fm−1) giving BΛ = 2.09 MeV
(BΛ = 2.14 MeV) with (without) tuning. It is seen that
the excitation energy of the 1+ state is slightly under-
estimated (0.97 MeV) in comparison with the observed
value (Eexpx (
4
ΛH; 1
+) = 1.09 ± 0.02 MeV). Here we tune
the even-state spin-spin force vEσ by adding a correction
term ∆V E to the 2nd range as
∆V E exp
[−(r/β2)2]~σ · ~σP (E). (28)
As a result, the experimental value Eexpx (
4
ΛH; 1
+) is re-
produced by using ∆V E = 1.2 MeV as shown in the
middle of Fig. 3(a).
To tune the odd-state spin-spin force vOσ , we focus on
the excitation spectra of 7ΛLi, where the spin doublets
(1/2+, 3/2+) and (5/2+, 7/2+) are observed correspond-
ing to the 1+ and 3+ states of 6Li, respectively. One can
consider that 6Li has the cluster structure composed of
the spin-saturated α particle and the d cluster with spin
1, the relative angular momentum between α and d is
zero l = 0 in the ground state 1+, whereas the 3+ state
is generated by the coupling of l = 2 and spin 1 of d.
In 7ΛLi, the spin-spin forces in both even and odd parity
states contribute to the (1/2+, 3/2+) and (5/2+, 7/2+).
It is noted that the ΛN spin-orbit force acts only in the
(5/2+, 7/2+) state, because the Λ particle mainly oc-
cupies the s orbit in 7ΛLi. Here, we calculate the low-
est doublet (1/2+, 3/2+) using the ESC14+MBE with
∆V E = 1.2 MeV as shown in Fig. 3(b), where the result
with the original parameter set of ESC14+MBE is also
shown. It is seen that the excitation energy of 3/2+ is
increased by adding ∆V E = 1.2 MeV (0.52 MeV), but
still lower than the experimental value (0.69 MeV). In
the same manner as the even-state spin-spin force, we
add the correction term ∆V O as
∆V O exp
[−(r/β2)2] ~σ · ~σP (O), (29)
to the odd-state spin-spin force and determine ∆V O =
30.0 MeV for reproducing Ex(
7
ΛLi : 3/2
+) (see the 3rd
from the left in Fig. 3(b)). Since ∆V E and ∆V O are kF
independent, one can renormalize these corrections into
a
(c)
i in Eq. (3) using the relation among Eqs. (2) - (5).
The corrected parameters a
(c)
i for Eq. (3) are shown in
parenthesis in Tab. I.
In addition to the spin-spin force, we also modify the
ΛN spin-orbit force so as to reproduce the energy split-
ting between 3/2+ and 5/2+ of 9ΛBe. Since
8Be has well
pronounced 2α cluster structure, the 1st excited state 2+
is mainly generated by the relative angular momentum
l = 2 between 2α. If a Λ particle is injected to this state,
the energy splitting between 3/2+ and 5/2+ is mainly
caused by the ΛN spin-orbit force. In 9ΛBe, using the
original SLS and ALS force, the energy splitting between
the 3/2+ and 5/2+ states is 150 keV, which is much larger
than the experimental value (40 keV). It is well known
that the spin-orbit splitting by the ΛN interaction is
quite small compared with that by nuclear force, which
is due to the large cancellation between SLS and ALS
forces. Therefore, we strengthen the ALS by multiplying
9FIG. 3: (a) Comparison of calculated (solid) and observed (dotted) excitation spectra of 4ΛH. Calculated spectrum with the
original parameter set of ESC14+MBE is shown in the left (original), while that using ESC14+MBE with tuning the ΛN
even-state spin-spin force is shown in the middle (+∆V Eσ ). Numbers shown in the spectra are excitation energies [MeV]. (b)
Same as (a) but for 7ΛLi. Calculated spectrum using ESC14+MBE with the tuning in the ΛN even-state (even and odd state)
spin-spin force(s) are shown in the 2nd (3rd) from the left, while that without tuning is displayed in the left. Experimental
data are taken from Refs. [50–53].
a factor αALS to make the cancellation larger with keep-
ing the strength of the SLS. It is found that the energy
spacing between 3/2+ and 5/2+ becomes smaller as the
αALS increases. As a result, we determine αALS = 1.9,
which gives the splitting energy of 60 keV.
Hereafter we use the ΛN central force of ESC14+MBE
with both ∆V E = 1.2 MeV and ∆V O = 30.0 MeV as well
as the ΛN spin-orbit force with αALS = 1.9.
C. Ground-state spin of the hypernuclei
Using the ΛN interaction tuned in Sec. IVB, we apply
the HyperAMD to the p shell hypernuclei, 7ΛLi,
9
ΛLi,
9
ΛBe,
10
Λ Be,
10
Λ B,
11
Λ B,
12
Λ C,
13
Λ C,
15
Λ N, and
16
Λ O, which are shown
in Fig. 4.
Since the YNG interaction depends on the nuclear den-
sity through the Fermi momentum kF , it is necessary to
select the kF properly in each system. In this paper, ex-
cept for 7ΛLi,
9
ΛLi,
9
ΛBe,
10
Λ Be and
10
Λ B, we use the same
kF values as in Ref. [25] determined under the ADA,
where the kF values are obtained from the densities of
the nucleons (ρN ) and Λ particle (ρΛ), as
kF =
(
3π2〈ρ〉
2
)
, 〈ρ〉 =
∫
d3rρN (r)ρΛ(r). (30)
The kF values used are listed in Tab. III, where the com-
mon kF value is used for the ground and excited states
in each hypernucleus. The Λ binding energy BΛ is also
shown in Tab. III, which is defined by the energy gain
of a hypernuclear state from the corresponding state in
the core nucleus. It is found that the BΛ values are in-
creased compared with those in Ref. [25], and thus are
larger than the observed values (BexpΛ ). For example, in
12
Λ C, the BΛ is 12.28 MeV in Tab. III, whereas BΛ = 11.0
MeV in Ref. [25]. This is mainly due to the inclusion of
the ΛN spin-orbit force. Since the ADA given by Eq.(30)
is one of the methods to obtain reasonable values of kF
from the structure calculation, there is a room to modify
the ADA to reproduce BexpΛ . For example, in Ref. [25],
the authors (M.I and Y.Y) introduced a small correction
parameter in Eq. (30) for the p-states of several Λ hy-
pernuclei. In the same way, it is possible to modify the
ADA using a small correction parameter in the present
calculation. In 7ΛLi,
9
ΛLi,
9
ΛBe and
10
Λ Be, the kF values
are determined so as to reproduce the observed values of
the BΛ in the ground states. This is because the Hyper-
AMD with the ADA treatment largely overestimates the
BΛ values in the light hypernuclei (A < 10) and/or the
hypernuclei with α clustering as pointed out in Ref. [25].
Let us discuss the spin-parity of the ground states of
the hypernuclei. In Fig. 4, the excitation spectra of the
hypernuclei are compared with those of the core nuclei
and experimental data. It shows that the calculation
successfully reproduces the level ordering of the ground-
state doublets of 7ΛLi,
10
Λ B,
11
Λ B,
12
Λ C, and
15
Λ N, in which
incorrect spin was obtained for the ground states in Ref.
[25]. The difference of the calculations between Ref. [25]
and this paper is the ΛN interaction, namely tuning of
the spin-spin force and inclusion of the spin-orbit force,
which improves the incorrect ordering of the spin doublet
partners. In 16Λ O, the degenerated ground state doublet is
obtained in the calculation, though the ground-state spin
is different with the observed one. Thus the ΛN spin-spin
and spin-orbit interactions are essential to describe the
ground state spin properly.
We predict the ground-state spin and parity of 9ΛLi and
10
Λ Be, which are not measured by experiments. In
9
ΛLi,
Figure 4 (b) shows that the 3/2+ state is lower than the
5/2+ state in the ground-state doublet, which is oppo-
site to the prediction in Ref. [25] where the 5/2+ state
is predicted to be the ground state. Similarly, in Fig.
4(d), the 1− states is predicted as the ground states of
10
Λ Be, whereas the 2
− is the lowest in Ref. [25]. From
the above discussion, we consider that the ground-state
spin predicted by the present work is more reliable than
10
FIG. 4: Calculated (solid) and observed (dotted) excitation spectra. Numbers shown in the spectra are excitation energies
[MeV]. Observed data of the excitation spectra are also shown for 7ΛLi [52, 53],
9
ΛBe [54],
10
Λ Be [55],
10
Λ B [56, 57],
11
Λ B [34],
12
Λ C
[35], 13Λ C [1, 58],
15
Λ N [56], and
16
Λ O [59].
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that in Ref. [25]. Furthermore, it is also found that the
above tuning of ESC14+MBE reproduces the observed
ground-state spin of 19Λ F. The detailed result of
19
Λ F will
be reported in a forthcoming paper.
D. Comparison of the excitation spectra with the
experimental data
In this section, we discuss not only the ground states
but also the excited states of each hypernuclei in detail
in comparison with the observed data.
In 7ΛLi, it is found that both of the splitting and ex-
citation energies of the (5/2+, 7/2+) doublet are almost
consistent with the experimental data. In particular, the
splitting energy of this doublet is important to test the
tuned ΛN interaction, where the ΛN spin-orbit force also
affects in addition to the even and odd state spin-spin
force. This is because the core state 3+ of 6Li is gener-
ated by the coupling of the relative angular momentum
l = 2 between α and d and the spin 1 of the d in a naive α
+ d cluster model picture. In Fig. 4, the splitting energy
of the (5/2+, 7/2+) doublet is 0.48 MeV, which is almost
the same as the observed value (0.47 MeV), whereas that
is 0.33 MeV if the original parameter set of the ΛN spin-
orbit interaction is used. Thus the energy splitting of
the (5/2+, 7/2+) doublet is consistently obtained by the
tuning of the ΛN spin-orbit interaction in 9ΛBe in Sec.
IVB.
In the other hypernuclei, the excitation spectra are
successfully described using the ΛN interaction tuned in
Sec. IVB. In 10Λ B, the energy splitting of the ground-
state doublet is small (0.18 MeV). In 13Λ C, the excitation
energy of the 3/2+ is consistent with that measured by
the γ-ray spectroscopy experiment. In 10Λ Be, the excita-
tion energies of the (2−2 , 3
−
1 ) and (3
−
2 , 4
−) doublets are
consistent with the excited states observed at 2.78 MeV
and 6.26 MeV with unknown spin-parity. In 11Λ B, the
present calculation almost reproduces the energy spac-
ing of the observed ground-state doublet. It is found
that the contribution from the odd-state spin-spin inter-
action is quite small in the ground-state doublet of 11Λ B,
and thus the even-parity spin-spin and spin-orbit inter-
actions are important to reproduce the energy spacing.
Furthermore, one of the observed excited states at 1.48
MeV in 11Λ B is close to the calculated (1/2
+, 3/2+) dou-
blet. In 12Λ C, the present calculation nicely reproduces
the ground-state doublet (1−1 , 2
−
1 ). In addition, the exci-
tation energy of the 1−2 states at 3.07 MeV is also close
to the observed value (2.83 MeV).
In the several hypernuclei, the excitation energies of
the doublets are higher than those of the observed states,
which is mainly due to the deviation of the core exci-
tation energies from the experiments. For example, in
the 1−3 state of
12
Λ C, the calculated excitation energy
(Ex(
12C; 1−3 ) = 8.01 MeV) is higher by about 2 MeV
than the observed value. Note that the excitation en-
ergy of the core state 3/2−2 is overestimated by about 1.8
MeV. By subtracting the energy shift of 1.8 MeV from the
excitation energy, the Ex(
12C; 1−3 ) becomes much close
to the observed value (6.05 MeV). The same thing oc-
curs in 16Λ O: the excited (1
−
2 , 2
−
1 ) doublet is rather high
in excitation energy, whereas the splitting energy (0.22
MeV) is consistent with the observation. This is mainly
due to the overestimation of the excitation energy of the
core state 3/2−2 in
15O, related to the description of the
single-particle orbits as mentioned in Sec. IVB. Thus, in
these cases, the discrepancy of the excitation energies is
attributed to those of the core states. Concerning this
fact, in 9ΛLi, the excitation energy of the (5/2
+, 7/2+)
doublet would be higher by about 0.7 MeV, because the
core state 3+ locates lower than the observed stata by
0.71 MeV in 8Li.
Let us discuss the excited states of 15Λ N. In
15
Λ N, the
splitting energy (0.47 MeV) of the (1/2+2 , 3/2
+
2 ) doublet
is almost the same as the energy spacing (0.48 MeV)
of the observed excited states at 4.23 MeV and 4.71
MeV. Therefore these observed states are considered to
be (1/2+2 , 3/2
+
2 ) doublet. However, the excitation ener-
gies are higher by about 0.7 MeV than those of the ob-
served states. Since the deviation of the core state 1+2
state in 14N from the experiment is only about 0.2 MeV
in excitation energy, it is considered that the present cal-
culation slightly overestimates the energy shift by a Λ
particle. In Fig. 4, we see shifts of the excitation energy
in the other hypernuclei, which are discussed in the next
Section.
We give comments on the tensor-force contributions as
well as ΛN -ΣN coupling effects in Λ hypernuclei. It is
revealed that the tensor components affect splitting en-
ergies of spin-doublets of Λ hypernuclei [64–66]. It is also
pointed out that the ΛN -ΣN coupling contributes to ex-
citation energies [67–69]. Recently, the ΛN interactions
derived from chiral effective field theory have been de-
veloped and are used in several hypernuclear structure
calculations such as the no-core shell model calculations
[70, 71]. For example, in Ref. [70], the competition be-
tween the ΛN -ΣN coupling and Y NN three-body force
is also investigated in p-shell Λ hypernuclei. The ΛN -
ΣN coupling affects not only the excitation energies but
the bound-state formation of hypernuclei. In Ref. [72],
it is showed that the tensor components of the ΛN -ΣN
coupling plays an essential role to make light hypernuclei
bound.
In the ESC interaction model, the important roles are
played by the ΛN -ΣN coupling interactions composed
of central and tensor terms. In the G-matrix approach,
high-momentum components of these interactions are
renormalized into the ΛN -ΛN central interactions. The
residual ΛN -ΛN and ΛN -ΣN interactions also composed
of central and tensor terms are not taken into account in
this work, considering that these low-momentum tensor
interactions are usually of minor contributions for the
spectra of Λ hypernuclei. Anyway, it is our future sub-
ject to take into account ΛN -ΣN and tensor couplings
explicitly in our AMD treatments.
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Here, let us reveal the importance of the renormalized
parts, which is implicit in our results: We have tried to
derive the limited YNG interaction from the ESC+MBE
model by switching off all tensor forces in ΛN -ΛN and
ΛN -ΣN channels, and applied it to perform calculations
for 4ΛH,
7
ΛLi, and
9
ΛBe. Then, the differences from the
above results demonstrate the tensor-force contributions.
First of all, these hypernuclei are found to be unbound
when the tensor-force contributions are switched off in
deriving the limited YNG interaction. Here, the dom-
inant contribution to the tensor-force renormalization
comes from the ΛN -ΣN SD-coupling tensor term. This
shows an essential role of the ΛN -ΣN tensor coupling
for bound-state formation of Λ hypernuclei. It is also
found that switching off the tensor contributions changes
the spin-spin splitting in the excitation spectra dramati-
cally, while the spin-orbit splittings are not affected so
significantly. In 4ΛH, the excitation energy of the 1
+
state from the ground 0+ state, Ex(
4
ΛH; 1
+), is shifted
up and becomes Ex(
4
ΛH; 1
+) = 2.05 MeV with the ten-
sor contribution being switched off, which is compared
to the experimental value Eexpx (
4
ΛH; 1
+) = 1.09 MeV.
This is mainly due to the reduction of the 3E attraction
dominated in the 1+ state by switching off the tensor
components, whereas the singlet-even (1E) force with no
tensor component is important in the ground state 0+.
In 7ΛLi, the excitation energy of the 3/2
+ state becomes
Ex(
7
ΛLi; 3/2
+) = 1.53 MeV, which is much higher than
the experimental value Eexpx (
7
ΛLi; 3/2
+) = 0.69 MeV.
Thus, it is demonstrated that the bare tensor forces in the
ESC model affect significantly hypernuclear bound-state
formations and spin-doublet splittings. We emphasize
that this mechanism of taking account of tensor-force
effect is sufficiently represented as the effective central
attraction under the G-matrix approximation.
Next, we discuss the charge dependence of the ΛN
interaction. In the A = 4 hypernuclei, the BΛ values
of the ground states are known to be different: BΛ =
2.04±0.04 MeV in 4ΛH and BΛ = 2.39±0.03 MeV in 4ΛHe
[63]. Recently, in 4ΛHe, the excitation energy of the 1
+ is
precisely measured by the γ-ray spectroscopy experiment
[73]. The reported value is Ex(
4
ΛHe; 1
+) = 1.406± 0.004
MeV, which is much larger than Ex(
4
ΛH; 1
+) = 1.09 ±
0.02 MeV. These facts indicate that the ΛN interaction
has the charge dependence. Since the 4ΛH and
4
ΛHe are
the mirror hypernuclei, this fact is referred to the charge
symmetry breaking (CSB). One can expect that the CSB
affects the spin-doublet splitting as well as the Λ binding
energies (BΛ). In this study, we evaluate the CSB effects
using the phenomenological CSB force, which is given by
the same functional form as in Ref.[74], namely,
vCSB(r) = −τz
2
[1 + Px
2
(vE,CSB0 + ~σ · ~σvE,CSBσ )e−r
2
+
1− Px
2
(vO,CSB0 + ~σ · ~σvO,CSBσ )e−r
2
]
.
As shown in Fig. 5, we determine the parameters of even-
parity part vE,CSB0 and v
E,CSB
σ so as to reproduce the
experimental data of 4ΛH and
4
ΛHe, where the odd-parity
parts (vO,CSB0 and v
O,CSB
σ ) are zero. The resulting values
are vE,CSB0 = 10.0 MeV and v
E,CSB
σ = 1.5 MeV. We apply
this CSB force to several N 6= Z hypernuclei, 9ΛLi, 10Λ Be
and 10Λ B. It is found that the BΛ values are reduced by
0.27 MeV and 0.12 MeV in 9ΛLi and
10
Λ Be, respectively,
while BΛ is increased by 0.12 MeV in
10
Λ B, depending
on the balance of the proton and neutron numbers. On
the other hand, the changes of the excitation energies are
about 40 keV at maximum. Therefore the CSB indicated
by the 4ΛH and
4
ΛHe data does not affect the spin-doublet
splitting of the p-shell hypernuclei significantly.
Finally, we also give a comment on the excitation spec-
tra calculated with the NSC97f force that is character-
ized by the strong repulsion of the odd-state interaction,
whereas that is weakly repulsive in the ESC14 model. It
is noted that the central and tensor forces of the ΛN -ΣN
coupling are renormalized in NSC97f by the G-matrix
calculation. It was pointed out that the central force
of NSC97f gives the better agreement of the spin dou-
blet splitting energies in several p-shell hypernuclei [26],
while its spin-orbit force gives larger splitting energy.
Using the central force of NSC97f, the splitting ener-
gies of the ground-state doublets are calculated as 1.11
MeV and 0.60 MeV in 4ΛH (0
+ and 1+) and 7ΛLi (1/2
+
and 3/2+), respectively, which are almost consistent with
the observed values. However, it is necessary to tune
the spin-orbit force. In 9ΛBe, the splitting energy of the
(3/2+, 5/2+) doublet is 500 keV using the original param-
eter set of the spin-orbit force of NSC97f, which is much
larger than the observed value (40 keV) and that with
the original parameter set of ESC14+MBE. Therefore,
we introduce a factor αALS multiplied to the ALS force
to control the cancellation between the SLS and ALS
forces, in the same manner as in Sec. IVB. It is found
that αALS = 5.5 gives a reasonable value of the splitting
energy (50 keV) in 9ΛBe, which is much larger than that
determined with ESC14+MBE (αALS = 1.9). This cor-
responds to the larger splitting energy with the original
spin-orbit force of NSC97f. Using both the central and
above spin-orbit forces, it is found that the NSC97f in-
teraction gives similar results of the excitation spectra of
the p-shell hypernuclei to those using the ESC14+MBE.
E. Energy shifts by the addition of a Λ particle
In this Section, we discuss the change of the excita-
tion energies in the hypernuclei in comparison with the
core nuclei. In general, energy shifts are caused by spin-
dependent nature of the ΛN interaction [67, 68]. For ex-
ample, the ΛN spin-orbit interaction depending on the
nuclear spin plays an essential role for energy shifts in
hypernuclei. Recently, it is also discussed that the dif-
ference of nuclear radii in core states affects the energy
shifts of the corresponding states in the hypernuclei [23].
It should be noted that both of these effects are included
in our results.
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TABLE III: Calculated total (E), excitation (Ex), and Λ binding (BΛ) energies for each state in the hypernuclei in unit of
MeV. Experimental values of the Λ binding energy BexpΛ [MeV] in the ground states are also shown. In
16
Λ O, the B
exp
Λ value
with †is shifted deeper by 0.54 MeV from that measured by the (pi+,K+) reaction experiemnt [60], concerning the systematic
difference of BexpΛ between the emulsion and (pi
+,K+) experiments reported in Ref. [55]. The Fermi momentum kF [fm
−1]
used in this calculation and nuclear root-mean-square radius rrms [fm] are also shown. In comparison, E, Ex, and rrms are also
listed for the corresponding core states.
Hypernuclei kF J
pi E Ex rrms BΛ B
exp
Λ Core nuclei J
pi E Ex rrms
7
ΛLi 1.05 1/2
+ -45.69 0.00 2.28 5.66 5.58 ± 0.03 [61] 6Li 1+ -40.03 0.00 2.34
3/2+ -45.02 0.67 2.28 4.99
5/2+ -43.84 1.85 2.19 6.02 3+ -37.82 2.21 2.24
7/2+ -43.35 2.33 2.19 5.53
9
ΛLi 1.02 3/2
+ -54.04 0.00 2.38 9.20 8.50 ± 0.12 [62] 8Li 2+ -44.84 0.00 2.43
5/2+ -53.71 0.33 2.37 8.87
5/2+ -53.00 1.04 2.31 9.71 3+ -43.29 1.55 2.36
7/2+ -52.56 1.47 2.31 9.27
9
ΛBe 1.12 1/2
+ -61.67 0.00 2.39 6.81 6.71 ± 0.04 [63] 8Be 0+ -54.86 0.00 2.48
5/2+ -58.85 2.82 2.39 6.89 2+ -51.91 2.95 2.49
3/2+ -58.80 2.87 2.39 6.94
10
Λ Be 1.10 1
− -62.76 0.00 2.31 8.68 8.55 ± 0.18 [55] 9Be 3/2− -54.07 0.00 2.40
2− -62.60 0.16 2.31 8.53
2− -60.16 2.60 2.30 8.57 5/2− -51.59 2.49 2.40
3− -60.00 2.76 2.30 8.41
3− -56.18 2.58 2.26 8.94 7/2− -47.24 6.83 2.37
4− -56.16 2.60 2.26 8.92
10
Λ B 1.09 1
− -60.76 0.00 2.35 8.87 8.89 ± 0.12 [63] 9B 3/2− -51.89 0.00 2.46
2− -60.58 0.18 2.35 8.69
2− -58.15 2.61 2.34 8.72 5/2− -49.43 2.46 2.46
3− -58.05 2.71 2.34 8.62
11
Λ B 1.05 5/2
+ -82.33 0.00 2.45 11.18 10.24 ± 0.05 [63] 10B 3+ -71.15 0.00 2.49
7/2+ -81.95 0.38 2.44 10.80
1/2+ -80.80 1.53 2.48 10.24 1+ -70.56 0.59 2.52
3/2+ -80.77 1.55 2.46 10.21
1/2+ -79.14 3.19 2.52 10.43 1+ -68.71 2.44 2.54
3/2+ -78.88 3.44 2.52 10.17
12
Λ C 1.08 1
− -90.22 0.00 2.45 12.28 10.76 ± 0.19 [62] 11C 3/2− -77.94 0.00 2.49
2− -90.09 0.13 2.45 12.15
1− -87.15 3.07 2.52 11.26 1/2− -75.89 2.05 2.55
0− -86.93 3.29 2.52 11.04
2− -85.70 4.52 2.49 11.55 5/2− -74.15 3.79 2.52
3− -85.51 4.71 2.49 11.36
2− -82.39 7.83 2.54 11.02 3/2− -71.37 6.57 2.54
1− -82.21 8.01 2.54 10.84
13
Λ C 1.10 1/2
+ -105.74 0.00 2.47 12.29 11.69 ± 0.19 [61] 12C 0+ -92.82 0.00 2.53
5/2+ -100.98 4.76 2.52 12.25 2+ -88.73 4.09 2.56
3/2+ -100.91 4.83 2.52 12.18
15
Λ N 1.13 3/2
+ -125.15 0.00 2.54 13.70 13.59 ± 0.15 [63] 14N 1+ -111.45 0.00 2.56
1/2+ -124.98 0.16 2.54 13.53
3/2+ -120.23 4.92 2.58 12.94 1+ -107.29 4.16 2.59
1/2+ -120.00 5.15 2.59 12.71
16
Λ O 1.16 1
− -127.56 0.00 2.57 13.49 15O 1/2− -114.07 0.00 2.57
0− -127.38 0.18 2.57 13.31 12.96 ± 0.05 †[60]
1− -116.93 10.63 2.62 12.70 3/2− -104.23 9.84 2.62
2− -116.71 10.85 2.62 12.48
14
FIG. 5: (a) Calculated energy spectra of 4ΛH and
4
ΛHe using
ESC+MBE with kF = 0.92 fm
−1. (b) Same as (a), but with
the phenomenological charge symmetry breaking (CSB) force
explained in text. (c) Experimental data taken from Refs.
[63, 73].
Figure 4 shows that in the most hypernuclei the exci-
tation energies of the excited doublets are shifted from
the corresponding core states. For example, in 11Λ B,
the (1/2+1 , 3/2
+
1 ) and (1/2
+
2 , 3/2
+
2 ) doublets are largely
shifted up in the excitation spectra compared to the 1+1
and 1+2 states in
10B. In a more rigorous discussion, to re-
move the splitting energies of the doublets, the difference
of the centroid energies between the ground and excited
doublets should be compared with the excitation ener-
gies in the core nuclei. In 11Λ B, the centroid energy dif-
ferences between the ground and two excited doublets,
(1/2+1 , 3/2
+
1 ) and (1/2
+
2 , 3/2
+
2 ), are 1.25 MeV and 3.09
MeV, corresponding to the energy shifts of 0.66 MeV and
0.65 MeV, respectively. The large shift up is also seen in
the excited doublets of 12Λ C,
15
Λ N and
16
Λ O. On the other
hand, in the Li hypernuclei, it is seen that the addition
of the Λ particle decreases the excitation energies. For
example, in 9ΛLi, the difference of the centroid energies
between the ground and (5/2+, 7/2+) doublets is 1.12
MeV, which is smaller than the excitation energy (1.57
MeV) of the 3+ state in 8Li.
It is pointed out that the energy shifts caused by a Λ
particle are closely related to the difference of the nuclear
radii [23]. In Ref. [23], based on the microscopic α cluster
model calculation for p shell Λ hypernuclei, it is shown
that the excitation energy shift is correlated with the dif-
ference of the nuclear size. This is because the Λ particle
in s orbit penetrates into nuclear interior, which probes
nuclear density through the ΛN interaction. Increasing
the nuclear radius makes the overlap between the Λ par-
ticle and nucleons smaller, which results in decreases of
the Λ binding energy, whereas the Λ particle is deeply
bound in a spatially compact state. The difference of the
Λ binding energies depending on the size of each state
causes the energy shifts in excitation spectra. Similar
phenomena were pointed out in deformed states, where
increasing the nuclear quadrupole deformation makes the
Λ binding energy shallower corresponding to the smaller
overlap between the Λ and nucleons in deformed states
[75, 76].
In the present results, we see the correlation between
the energy shifts and nuclear radii. In 11Λ B,
12
Λ C,
15
Λ N and
16
Λ O, the excited states are shifted up by the addition of a
Λ particle, indicating that the Λ binding energy is smaller
in the excited states than the ground states. In Tab.
III, we see the difference in the nuclear root-mean-square
radii (rrms) and in the Λ binding energies BΛ between
the ground and excited states. Here, the BΛ is defined
not only for the ground state but also excited states as
the energy gain from the corresponding core state. For
example, in 11Λ B, the BΛ values are about 10.2 MeV in the
excited doublets (1/2+1 , 3/2
+
1 ) and (1/2
+
2 , 3/2
+
2 ), whereas
BΛ = 11.18 MeV and 10.80 MeV in the ground state
doublet, which causes the energy shift up of the excited
doublets. It is found that the difference of BΛ corre-
sponding to that of the nuclear radii. In the core nucleus
of 11Λ B,
10B, the calculated values of rrms are 2.52 fm and
2.54 fm in the 1+1 and 1
+
2 states, respectively, whereas
rrms = 2.49 fm in the ground state 3
+. In the corre-
sponding states in 11Λ B, the nuclear radii are larger in the
excited doublets (1/2+1 , 3/2
+
1 ) and (1/2
+
2 , 3/2
+
2 ) than the
ground-state doublet after the shrinkage of the system
with the Λ particle. On the other hand, in 7ΛLi and
9
ΛLi,
where the excited doublets are shifted down in the ex-
citation spectra, the nuclear radii of the excited states
are smaller than the ground state. For example, in 7ΛLi,
the rrms is 2.19 fm in the excited doublet (5/2
+, 7/2+),
which is smaller than those in the ground state doublet
(rrms = 2.28 fm). The trend of the energy shift down
or up in 7ΛLi,
11
Λ B,
12
Λ C, and
15
Λ N is consistent with the
results in Ref. [23].
V. SUMMARY
We investigate the spin-spin and spin-orbit splittings of
the p-shell Λ hypernuclei within the framework of Hyper-
AMD with the ΛN G-matrix interaction ESC14+MBE.
In Ref. [25], it is shown that the mass dependence of
the BΛ values are nicely reproduced by describing the
nuclear core structure within the framework of the Hy-
perAMD with the latest version of the YNG interaction,
ESC14+MBE. At the same time, however, this preced-
ing analysis showed the discrepancy in energy level order
of ground-state spin doublets. This fact tells us that
there is a room to correct the spin-dependent parts of
ESC14+MBE.
In this paper, we make an adjustment of the
ΛN spin-spin and spin-orbit interactions derived
from ESC14+MBE. Since the central force of the
ESC14+MBE has a three range Gaussian form,
we add correction terms ∆V E exp
[−(r/β2)2] and
∆V O exp
[−(r/β2)2] to the even and odd state interac-
tions of the ΛN spin-spin force, respectively. By the anal-
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ysis and comparison with the observed data in 4ΛH and
7
ΛLi, we determine the strength of the correction terms
as ∆V E = 1.2 MeV and ∆V O = 30.0 MeV. The spin-
orbit force of the ESC14+MBE is tuned by multiplying
a correction factor αALS to the ALS force to control the
cancellation between the SLS and ALS forces. In 9ΛBe,
it is found that the splitting energy of the (3/2+, 5/2+)
doublet decreases as the αALS increases, and thus we de-
termine αALS = 1.9 to reproduce the experimental value
of energy spacing.
Using the tuned version of the ESC14+MBE, we have
applied the HyperAMD to ten p-shell Λ hypernuclei,
namely 7ΛLi,
9
ΛLi,
9
ΛBe,
10
Λ Be,
10
Λ B,
11
Λ B,
12
Λ C,
13
Λ C,
15
Λ N,
and 16Λ O. The present calculation reproduces not only
the ground-state spin of these hypernuclei systematically
but also the energy spacing of the ground and excited
doublets satisfactorily.
In most cases, it is remarkable that the excitation ener-
gies of the excited states in the hypernuclei are different
from those of the corresponding core states, i.e. the en-
ergy shifts occur by the addition of a Λ particle. It is
found that the excitation energies are shifted up in the
excited states with larger radii than the ground state in
the hypernuclei, whereas the spatially compact excited
states are lowered in excitation energy by adding a Λ
particle. This is mainly due to the difference of the Λ
binding energies between the ground and excited states,
which decrease as the nuclear radius increases.
In conclusion, we have obtained successful descrip-
tion of p-shell hypernuclear structures by making addi-
tional tuning of both even- and odd-state spin-dependent
components of G-matrix derived from the fundamental
baryon-baryon interaction ESC14+MBE. Thus, we have
proposed a new practical set of the YNG parameters of
G-matrix interactions to be applied further to a wide
mass region. Using this interaction together with the
hypernuclear structure models including HyperAMD, it
will be possible to predict various phenomena caused by a
Λ particle such as nuclear structure changes in hypernu-
clei, which can be compared with existing and/or future
experiments quantitatively.
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